This equation was first solved in finite terms by Mr. H argreave *, but in a form very inconvenient fpr practical applications. A solution free from this objection was after wards obtained by Professor Boole f , by a method explained in his memoir " On a General Method in Analysis," Philosophical Transactions, 1844. Lastly, in the second volume of the Journal referred to, the same mathematician gave two more solutions, one of which however is reducible, as he states, to Mr. H argreave's form; the other, though much more convenient than this, is still for most purposes probably less useful than that given in the first volume, from which it differs essentially in form, as well as in the method by which it is deduced.
In the following pages I have treated the equation (2.) by a very simple method*. The result bears a general resemblance to Professor B oole's first solution, and I conceive that the two forms must be capable of being identified by the assumption of a proper relation between the arbitrary functions; but I am not able at present to show this identity.
Some further investigations are added, which it is unnecessary to notice beforehand. which is the complete solution of (2.) in the particular case in which un does not con tain p, and n = 0. This relation is true whatever be the value of n. But as we are now supposing n a positive integer, it is evident that we have It is evident that the expression (21.) contains two independent arbitrary constants, whatever be the value of i .And ibeing suppo will always involve a logarithmic function; hence the form (20.), which involves no such function, cannot be the complete solution of the equation (19.), and therefore we shall not really limit its generality by putting C2= 0 .
Putting

But putting ^ for
Moreover, since the coefficient of r* cos ip in the development of (18.) cannot contain any logarithmic function, it follows that, for the purpose of that development, we must put C2= 0 in the expression (21.).
Comparing the two forms thus obtained for the coefficient of rncosip, we obtain inci dentally the following theorem, namely, (sin 4 sin #) =c(sin 0)2i, ) c being a constant, of which the value will appear afterwards. The preceding investigation shows that the assumption w"10 = 0 (instead of the general value C(sin 0)~n) is liable in certain cases to limit the generality of the result. I shall return to this point presently, but proceed now to complete the development of the expression (18.).
10.
Since the coefficient of r1 1 cos ip must contain 0 and 0' symmetrically, and satisfy both the equation ( and A, is the coefficient of cos i < pi n the development of (1+ co s <p)n. Although this form of the development follows a more simple and remarkable law than that of art. 13, it is evident that for actual calculation it would be much less con venient, since the number of operations is much greater, and the differentiations more complex. But as the complete explicit form of the development is known indepen dently, this consideration is not of much practical importance. (32.) The point to be observed is, that every value of which satisfies (32.) will give a value of un satisfying (30.); hence, although the complete value of z will contain 2 con stants, it is certain that n of them will be destroyed by the n direct operations of the expression (31.).
In g e n e r a l , the two constants left are those introduced by the operation (^l -i 2)-1; but in the exceptional cases noticed above, one of these disappears, and one of those introduced by the other inverse operations remains instead.
18 If in this expression we put 0 for the result of but one of the operations indicated in the last term, we reproduce the form (21.) obtained in art. 9, which appears in fact to be always complete. The form (34.), however, as before remarked, will never contain superfluous constants. 20. It is an interesting question whether the forms thus obtained on the supposition that i is an integer, are not really g e n e r a l, inasmuch as they are exp reference to that supposition. I believe that they are; but I doubt whether, in the existing state of analysis, it can be proved either that they are or are not (see § IV.).
21. It is easy to obtain other forms analogous to those given in the preceding articles, containing inverse in place of direct operations. But such forms are objectionable, because they necessarily give rise to superfluous constants, the discrimination of which may be a matter of difficulty. Section IV. where § is to be put = after all other operations, and the function must be supposed d 6 to be developed as if the two symbols £ sin 0 ^ sin d, tan ^ were commutative, the
